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Abstract—This paper presents the mathematical and har-
monic analyses of output phase voltages of three-phase voltage
source inverters which employ a hybrid two-dimensional–three-
dimensional (2-D–3-D) space vector modulation (SVM) voltage
control algorithm. The explicit time-domain representation of the
harmonic components in addition to the total harmonic distortion
(THD) of the output phase voltages is given in terms of system
and control parameters. This paper also investigates the harmonic
characteristics and THD performance against the linearity of the
modulation region which helps in the harmonic performance and
design studies of such inverters employing the hybrid 2-D–3-D
SVM. The fundamental component of the output voltages follows
the reference with lower THD in the linear modulation region
rather than the overmodulation region. Experimental results are
used to validate these analyses as well as the effectiveness of the
hybrid 2-D–3-D SVM algorithm for generating balanced and low
THD phase voltages.

Index Terms—Harmonic analysis, space vector modulation
(SVM), total harmonic distortion (THD), voltage source inverter.

I. INTRODUCTION

PULSEWIDTH modulation (PWM) techniques have been
widely studied in the past decades to reduce switch-

ing losses, harmonic generation and total harmonic distortion
(THD), and complexity and processing time as well as to widen
the linear modulation range which, in turn, improves the overall
performance of the power conversion process [1]–[3].

Typically, carrier-based PWM techniques [4] compare a car-
rier signal, which has a predefined frequency that usually is
the adopted power conversion switching frequency, to a sinu-
soidal [5] or nonsinusoidal reference [6]–[8]. The instantaneous
comparison between the carrier and the reference generates the
driving gate signals for power switches. For instance, sinusoidal
PWM (SPWM) techniques compare a triangular carrier to
a sinusoidal reference, having a frequency equivalent to the
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power frequency or desired output frequency. As a result, the
width of gate pulses, i.e., duty cycles, will accordingly vary
in a sinusoidal manner. In spite of the SPWM simplicity, it
has some drawbacks: 1) the harmonic output may not be com-
pletely suppressed; 2) there is a narrow linear modulation range;
and 3) the utilization of the dc bus will always be less than
78.5% [9]. Nonsinusoidal carrier-based PWM techniques are
achieved by comparing the carrier to a nonsinusoidal reference.
The nonsinusoidal reference could be achieved by injecting or
superimposing a zero-sequence component over the sinusoidal
reference [10]. This technique is mainly used to obtain a
15% increase in modulation range over the SPWM for the
inverter line–line output voltage [11]. Also, the nonsinusoidal
reference could be achieved by a harmonic injection method,
where the sinusoidal reference is combined with a predefined
harmonic signal to force the harmonic cancelation phenomena
and hence reduce the harmonic impact of the generated output
voltage [2], [12].

The harmonic output of three-phase inverters employing
SPWM control algorithms has been theoretically studied and
analyzed in [2], [13], and [14]. The analysis is conducted based
on the decomposition of the modulated output into its harmonic
components in the frequency domain via the application of
Fourier transformation. Consequently, the harmonic spectrum
or frequency content of the modulated output is then analyzed
individually, i.e., component by component, using techniques
described in [2]. Therefore, the THD of the modulated out-
put can be obtained using the superposition of the individual
spectrum components. This technique suffers from accuracy
issues; hence, simulation and software packages can be used
to increase the accuracy as well as simplify the numerical
expression and computation of the modulated output harmonic
spectrum and THD [15].

The space vector modulation (SVM) PWM control algo-
rithm, first proposed in 1982 [9] and then improved by many
contributions [16], becomes the basic power conversion pro-
cessing technique in three-phase converters [17] as a result
of the computational and processing development of digital
controllers. When compared to various PWM techniques, SVM
enhances the dc link utilization, reduces harmonic and switch-
ing losses, and widens the linear modulation range for the
output line–line voltages [18]. The harmonic analysis of three-
phase inverter SVM modulated output has been studied in the
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literature [2], [14], [19], and [20]. The harmonic analysis of
the SVM PWM modulated output using the decomposition
technique is presented in [2]. The analysis is illustrated by
considering the harmonics of a regularly sample asymmetrical
SPWM modulation. Other numerically based techniques are
demonstrated in [14], where MATLAB/Simulink numerical ca-
pabilities are used to accurately predict the harmonic content of
line–line output voltage. The closed-form analytical representa-
tion of SVM modulated output is achieved using the extension
of the geometric-wall model in [19] and the application of
double Fourier series representation [20].

The inverter topology normally influences the choice of
the adopted control algorithm. For the three-wire topology or
isolated neutral topology, i.e., absence of the physical return
path for the zero-sequence component of neutral current [21],
the application of the two-dimensional (2-D) SVM control al-
gorithm is preferred. For unbalanced loads with a physical path
for the neutral current, i.e., for the four-wire inverter topology,
three-dimensional (3-D) SVM [18], [22] is employed for better
utilization of the power switches and better compensation of
the zero-sequence component. To better utilize the existing 2-D
and 3-D SVM algorithms, the proposed hybrid 2-D–3-D SVM
algorithm in [23] is used to force a balanced inverter output
voltage in any load conditions: balanced or unbalanced.

This paper extends the work presented in [23] to analyze the
harmonic output of the inverter and express it in terms of power
and control parameters. The proposed hybrid 2-D–3-D SVM is
mathematically evaluated to derive an analytical expression for
the modulated output, i.e., switching function notion. Addition-
ally, the THD factor of the output phase voltage is expressed
implicitly via the modulation index. The harmonic spectrum is
thoroughly investigated using the fast Fourier transform (FFT)
numerical and computational package available in MATLAB.
Harmonic characteristics, e.g., individual harmonic magnitude,
can be easily computed without the need for repetitive and
extensive time-domain simulations. The analysis considers both
linear and overmodulation regions of operation and their direct
impacts on the harmonic performance of the inverter. This paper
provides analytical methodologies to help in the harmonic
performance and design studies of such inverters employing
the hybrid 2-D–3-D SVM. Experimental results show that the
hybrid 2-D–3-D SVM guarantees a very low THD of the
inverter output phase voltage in the linear modulation region.

This paper is organized as follows. The hybrid 2-D–3-D
SVM algorithm and mathematical description are presented in
Sections II and III, respectively. Section IV covers the harmonic
analysis of the modulated output. Experimental validation is
discussed in Section V. Finally, this paper is concluded in
Section VI.

II. HYBRID 2-D–3-D SVM

Fig. 1 depicts a three-phase split-capacitor voltage source
inverter (VSI). The input dc voltage Vdc obtained from a
distributed-generation source like a solar panel is modulated
into three-phase ac outputs van, vbn, and vcn. The dc neutral
point N is physically connected to the ac neutral of a Y -
connected load n to provide a physical return path for the zero-

Fig. 1. Three-phase split-capacitor voltage source inverter.

TABLE I
SWITCHING VECTORS AND THEIR CORRESPONDENT COMPONENTS

IN ABC AND αβγ FRAMES OF REFERENCE

sequence component of the load current during unbalanced
loading conditions. The fundamental component of phase a
modulated output is forced to track the sinusoidal reference
v∗a(t) = V ∗

a sin(ω1t+ θ∗a) with ω1 = 2π · f1 being the power
frequency in radians per second and power angle of θ∗a. The
reference voltage v∗a is directly generated from user-defined
input parameters. Proper phase shift is applied for phases b
and c.

The six power switches are assumed ideal, which means
that their switching and conduction losses can be ignored.
Complementary-operated switches, S1 and S ′

1, constitute one
leg/phase of the VSI and determine the state of phase a out-
put voltage van. The normalized instantaneous magnitudes of
three-phase voltages (‖vi‖ = ‖vin‖ = vin/Vdc, i = a, b, c) are
therefore given by

‖va,b,c‖ = 0.5
(
S1,2,3 − S ′

1,2,3

)
. (1)

Considering all three legs together, there will be eight pos-
sible combinations of the normalized voltage magnitudes as
depicted in Table I. The application of Clarke’s transformation
results in the normalized vectors (‖vα‖, ‖vβ‖, ‖vγ‖) in the
αβγ-space as shown in Fig. 2(a). V0 and V7 are the zero vectors,
wherein line voltages at the ac side are zero. For nonzero line
voltages, the vectors V1, V2, V3, V4, V5, and V6 are called active
vectors.
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Fig. 2. (a) Vectors V0 through V7 dividing the 3-D space into six prisms,
P1 − P6. (b) Formulation of two tetrahedrons TH11 and TH12 in P6.

TABLE II
VALUE OF THE SYMBOLS x AND y IN THE SIX PRISMS

The normalized instantaneous reference ‖v∗‖ = v∗a/Vdc,
which rotates in the αβ-plane, consists of two orthogonal
sinusoids (‖v∗α‖, ‖v∗β‖) defined in[

‖v∗α‖∥∥∥v∗β∥∥∥
]
=

V ∗
a

Vdc

[
sin (ω1t+ θ∗a)

− cos (ω1t+ θ∗a)

]
. (2)

Generally, SVM algorithms aim to compute the instanta-
neous duty cycle of each power switch. To do so, the position
of the normalized reference vector must be first determined.
For every switching cycle Ts, the reference vector shall reside
in one of the six 3-D prisms P1, P2, . . . ,P6 in Fig. 2(a).
Each prism contains four switching vectors, specifically two
active and two zero vectors, that are selected to synthesize the
reference vector. The two zero vectors will divide each 3-D
prism of Fig. 2(a) into two tetrahedrons as shown in Fig. 2(b).
Therefore, the projection of the 12 tetrahedrons will divide the
αβ-plane equally into 12 sectors as shown in Fig. 3. The odd-
numbered tetrahedrons or sectors in Fig. 3 are called upper
tetrahedrons in Fig. 2, while the even-numbered ones are called
lower tetrahedrons. The target tetrahedron of the reference ‖v∗‖
can now be determined, and hence, the average value of the
reference is expressed as

‖v∗‖ = dx · ‖Vx‖+ dy · ‖Vy‖+ dz · ‖Vz‖ (3)

where ‖Vx‖=[V x
α V x

β V x
γ ]T and ‖Vy‖=[V y

α V y
β V y

γ ]
T

are the two active vectors which form the target tetrahedron
for x, y = 1, 2, 3 . . . 6 and x �= y and ‖Vz‖ is the vector sum
of the zero vectors V0 and V7. Parameters dx, dy , d0, d7, and dz
represent the instantaneous duty cycles of the switching vectors
‖Vx‖, ‖Vy‖, V0, V7, and ‖Vz‖, respectively. The values of x and
y are known in each prism and are obtained from Table II.

Fig. 3. Projection of the space vectors of Fig. 2 in αβ-plane.

TABLE III
SWITCHING MATRICES FOR THE 12 TETRAHEDRONS

With reference to Fig. 3, the power angle θ∗a will affect the
position of the reference voltage vector. For example, if 0 <
θ∗a < 30◦, then the reference vector will reside in TH12 rather
than TH10 when θ∗a = 0◦. The values of parameters x and y
will change according to Table II. This approach is valid for all
values of θ∗a. The reference voltage for phases b and c can be
treated similarly.

Rearranging (3) and (2) yields⎡
⎣ dx
dy
dz

⎤
⎦ = Mτ ·

[
‖v∗α‖∥∥∥v∗β∥∥∥

]
, τ = 1, 2 . . . 12 (4)

where Mτ is the switching matrix of the corresponding target
tetrahedron. The switching matrices of the 12 target tetrahe-
drons are listed in Table III.

III. MATHEMATICAL DESCRIPTION

In this section, a general form of the switching or modu-
lating function is derived. Every individual tetrahedron, upper
or lower, contains two active vectors {‖Vx‖, ‖Vy‖} and two
zero vectors represented implicitly by ‖Vz‖. These vectors are
needed to calculate the conduction times, i.e., duty cycles dx,
dy , and dz , of each power switch. From (3), deriving the general
expressions of the duty cycles in terms of {x, y, z} depends on
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the time variant reference vector ‖v∗‖, active vectors ‖Vx‖ and
‖Vy‖, and zero vectors ‖Vz‖ that are obtained from Table I.
From (3) and setting ‖v∗γ‖ = 0, the reference voltage vector
representation in the αβγ (3) can be expressed in conjunction
with Clarke’s transformation as

‖v∗α‖ = [ 2/3 −1/3 −1/3 ]

·

⎛
⎝
⎡
⎣ vxa
vxb
vxc

⎤
⎦ dx +

⎡
⎣ vya
vyb
vyc

⎤
⎦ dy +

⎡
⎣ vza
vzb
vzc

⎤
⎦ dz

⎞
⎠

∥∥v∗β∥∥ = [ 0 1/
√
3 −1/

√
3 ]

·

⎛
⎝
⎡
⎣ vxa
vxb
vxc

⎤
⎦ dx +

⎡
⎣ vya
vyb
vyc

⎤
⎦ dy +

⎡
⎣ vza
vzb
vzc

⎤
⎦ dz

⎞
⎠

∥∥v∗γ∥∥ = [ 1/3 1/3 1/3 ]

·

⎛
⎝
⎡
⎣ vxa
vxb
vxc

⎤
⎦ dx +

⎡
⎣ vya
vyb
vyc

⎤
⎦ dy +

⎡
⎣ vza
vzb
vyc

⎤
⎦ dz

⎞
⎠

=0 (5)

where ‖va‖ = [vxa vya vza]
T , ‖vb‖ = [vxb vyb vzb ]

T , and
‖vc‖ = [vxc vyc vzc ]

T . The corresponding vector values for
x, y = 1, 2, 3 . . . 6 and z = 0 and 7 are listed in Table I. The
terms in (5) which depends on x, y, and z values are derived for
the 12 tetrahedrons. A general compact matrix representation is
derived based on mathematical and logical relations as⎡
⎢⎣
‖v∗α‖∥∥∥v∗β∥∥∥∥∥v∗γ∥∥

⎤
⎥⎦ =

2

3

⎡
⎣ cos π(x−1)

3 cos π(y−1)
3 0

sin π(x−1)
3 sin π(x−1)

3 0
1
4 cos(π · x) 1

4 cos(π · y) −3
4 cos(π · z)

⎤
⎦

×

⎡
⎣ dx
dy
dz

⎤
⎦ . (6)

A scaling factor of 2/3 appears implicitly in (5) and explicitly
in (6). The purpose of this factor is to make the transformation
value invariant. Taking the matrix inverse, the instantaneous
duty cycles, dx, dy , and dz , yield

dx =
3

2 · sin
(

π(x−y)
3

) (
− sin

(
π(y − 1)

3

)
· ‖v∗α‖

+cos

(
π(y − 1)

3

)
·
∥∥v∗β∥∥

)

dy =
3

2 · sin
(

π(x−y)
3

) (
sin

(
π(x− 1)

3

)
· ‖v∗α‖

− cos

(
π(x− 1)

3

)
·
∥∥v∗β∥∥

)

dz =A ·
((

sin

(
π(x− 1)

3

)
· cos(π · y)

− sin

(
π(y − 1)

3

)
· cos(π · x)

)
· ‖v∗α‖

−
(
cos

(
π(x− 1)

3

)
· cos(π · y)

− cos

(
π(y − 1)

3

)
· cos(π · x)

)
·
∥∥v∗β∥∥

)
(7a)

Fig. 4. Symmetric modulation of prism P1.

where z is the index of the zero vector that takes two values:
z = 7 for the upper tetrahedrons and z = 0 for the lower
tetrahedrons. The parameter A is given by

A =

(
2 · sin

(
π(x− y)

3

)
cos(π · z)

)−1

. (7b)

The algebraic summation of duty cycles over any switching
period satisfies

dx + dy + d0 + d7 = 1 (8a)

dz =

{
d7 − d0 ∀ ‖v∗‖ ∈ Uppertetrahedrons
d0 − d7 ∀ ‖v∗‖ ∈ Uppertetrahedrons

. (8b)

In (7a) and (7b), the zero index “z” only affects dz by the
term cos(π · z). For either values of the index z, we notice that
cos(π · 7) = − cos(π · 0) = −1; therefore, the term cos(π · z)
can be replaced by −1. Consequently, the duty cycle dz = d7 −
d0 can be used for either tetrahedrons: the upper and the lower
tetrahedrons with the expected negative value of dz during the
lower tetrahedrons. From (7) and (8), the duty cycles dx, dy ,
and dz can be expressed in terms of {x, y} values only given in
Table II, yielding

d7 =0.5(1− dx − dy + dz)

d0 =0.5(1− dx − dy − dz). (9)

At the beginning of each switching cycle, the values of duty
cycles dx, dy , d0, and d7 are all known based on the position
of the reference vector. The symmetrical modulation scheme is
then used to reduce the THD of the modulated output voltage.
In symmetrical modulation, the six gate signals can be gener-
ated by instantaneously comparing the duty cycle values, which
hereinafter will be called power signals g(t) with a triangular
carrier signal c(t). With reference to Fig. 4 and Table I, the
modulated phase a output in P1 has a value of 0.5Vdc whenever
c(t) ≥ t0, whereas the modulated output has a value of
−0.5Vdc whenever c(t) < t0. Similarly, the power switches S2

and S3 are conducting and switching vectors positioned in P1 if
c(t) ≥ t0 + tx and c(t) ≥ t0 + tx + ty respectively. Generally,
the value of the modulated output voltages (van, vbn, vcn) will
be +0.5Vdc if the carrier c(t) is greater than the corresponding
switching signals listed in Table IV and −0.5Vdc if the compar-
ison condition is not satisfied.
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TABLE IV
POWER SIGNALS OF THE UPPER SWITCHES

Fig. 5. Duty cycle waveforms over one fundamental period.

Fig. 6. Duty cycles of the zero vectors over one fundamental period.

Only phase a of the modulated output is studied here. Phases
b and c can be derived similarly with the appropriate 120◦

phase shift between the phases. The mathematical expression
for phases b and c is given at the end of the section.

The power signal g(t) can be written as

g(t) = Ts(d0 + μx · dx + μy · dy) (10a)

where μx and μy are binary integers given by

μi =
{
1 iff (i ∈ {3, 4, 5})
0 elsewhere.

(10b)

Examining (7) and (10), the power signal g(t) depends on
the normalized instantaneous reference signals ‖v∗α‖ and ‖v∗β‖,
expressed in (2), and the values of x and y (depending on the
reference vector position). The instantaneous duty cycles over
one fundamental period are shown in Figs. 5 and 6. The power
signal g(t) hence can be computed using (7) and (10), yielding

g(t) =
Ts

4
− Ts

2

V ∗
a

Vdc
sin(ω1t+ θ∗). (11)

The triangular carrier c(t) can be expressed in terms of the
infinite Fourier series representation, for utmost accuracy, as

c(t) ≈ Ts

4
− 2Ts

π2

∞∑
ξ∈odd

1

ξ2
cos

(
2π

Ts
ξt

)
. (12)

In Table IV, the power switch S1 is conducting whenever
c(t) ≥ g(t) and acts as high impedance (S ′

1 is conducting)
whenever c(t) < g(t). Phase a modulated output voltage van(t)
then can be expressed by multiplying the switching function by
and the input dc voltage as

van(t) =
Vdc

2
×a(t) (13a)

where the switching function a(t) is given by

a(t) = sgn [c(t)− g(t)] . (13b)

Let the modulation index m be defined as

m =
2 · V ∗

a

Vdc
. (14)

The modulation index defines the linearity of the operating
state of the inverter. For 0 < m ≤ 1, the inverter is operating
in the linear modulation region, whereas the nonlinear or over-
modulation state of the inverter occurs whenever m > 1.

Substituting (11), (12), and (14) into (13b) yields the gener-
alized switching function of the hybrid 2-D–3-D SVM

a(t)=sgn

⎡
⎣π2m

4
sin(ω1t+θ∗)−

∞∑
ξ∈odd

1

ξ2
cos(ξωst)

⎤
⎦ (15)

and consequently

van(t) =
Vdc

2
× sgn

[
π2m

4
sin(ω1t+ θ∗)

−
∞∑

ξ∈odd

1

ξ2
cos(ξωst)

]

vbn(t) =
Vdc

2
× sgn

[
π2m

4
sin

(
ω1t+ θ∗ − 2π

3

)

−
∞∑

ξ∈odd

1

ξ2
cos(ξωst)

]

vcn(t) =
Vdc

2
× sgn

[
π2m

4
sin

(
ω1t+ θ∗ +

2π

3

)

−
∞∑

ξ∈odd

1

ξ2
cos(ξωst)

]
. (16)

From (15), we conclude that the switching function of
the hybrid 2-D–3-D SVM depends on the modulation index
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Fig. 7. Effect of modulation index on fundamental frequency component.

(parameter m) and the switching frequency of the inverter
(parameter ωs = 2π/Ts).

IV. HARMONIC ANALYSIS

The harmonic analysis of the modulated output voltages
is conducted in this section. With reference to (16), the har-
monic performance of the inverter mainly depends on the
modulation index m and the input dc voltage Vdc. The math-
ematical representation of the harmonic output as well as the
THD is derived in this section, assuming θ∗ = 0◦ and ideal
switches.

As the two parts of the right-hand side of (16) are both
time dependent, the dc component of the output is expected
to be zero for all values of m. Additionally, as (16) is a
scaled signum function, its Fourier transform will consist of
odd harmonics only. The harmonic analysis will investigate
the fundamental component of the modulated output at system
frequency of f1 as the modulation index changes. Additionally,
harmonic orders including even (very small in magnitude)
and odd harmonics are also investigated, and their magni-
tudes are computed. Considering the Fourier analysis of the
sgn function only in (15), the harmonic spectrum of phase a
modulated output voltage is computed simply by the following
steps.

Step 1) Apply a specific range for the modulation index
in (15).

Step 2) For the sgn array values resulting from Step 1),
apply FFT.

Step 3) Adjust the spectrum magnitudes by a factor Vdc/2.
Step 4) Extract the harmonic component of interest from the

FFT array.
Step 5) Draw the corresponding harmonic component ver-

sus the modulation index.

A. Fundamental Component

Following the previous five steps, the relationship between
the fundamental frequency component and the modulation in-
dex of phase a is depicted in Fig. 7. With reference to Fig. 7,
in the linear region m ≤ 1, the fundamental component of the
output voltage V̂ 1

a will be

V̂ 1
a = V ∗

a ∀ m ∈ [0, 1]. (17)

TABLE V
GOODNESS-OF-FIT STATISTICS

Fig. 8. Normalized even harmonic components.

In the nonlinear region, the fundamental component of the
modulated output is expressed in terms of reference and input
dc voltages using the quadratic (18a), cubic (18b), or exponen-
tial (18c) curve fitting function as

V̂ 1
a =−0.45655

(
V ∗2
a

Vdc

)
+0.8685V ∗

a +0.19185Vdc (18a)

V̂ 1
a =1.1205

(
V ∗3
a

V 2
dc

)
−2.978

(
V ∗2
a

Vdc

)
+2.718V ∗

a −0.2495Vdc

(18b)

V̂ 1
a =Vdc ·

(
0.5535e0.09848·V

∗
a /Vdc−4.6635e−8.144·V

∗
a /Vdc

)
.

(18c)

Quadratic, cubic, and exponential curve fittings are given in
(18) to allow the VSI designer to choose between mathematical
representations of the fundamental component in terms of the
design complexity and accuracy required. Numerical statistics
regarding the accuracy of the fitted curves are listed in Table V.
The statistic R-square is the square of the correlation between
fitted values and the values from the curves where the maximum
value of this static is 1 which means that 100% of the data are
explained in the equations. The static root-mean-squared error
(RMSE) is better when its value becomes close to 0.

B. Even-Order Harmonics

The even-order harmonics of the modulated output are very
small and negligible. To address this issue, the five steps are
done, and the even harmonics are extracted. Even-order har-
monics, up to the 10th order, are shown in Fig. 8 with an utmost
magnitude of 6.2× 10−6Vdc for 0 < m ≤ 2.
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Fig. 9. Normalized odd-order harmonics of van(t) in the linear region.

Fig. 10. Normalized odd-order harmonics of van(t) in the nonlinear region.

C. Odd-Order Harmonics

The odd-order harmonics are more common on the ac side
of three-phase power systems. Fig. 9 shows the first six odd
harmonics of van(t), namely, the 3rd, 5th, 7th, 9th, 11th, and
13th. The spectral energy is small and distributed randomly
over the linear modulation region (0 < m ≤ 1). With reference
to Fig. 10, the third harmonic is the most dominant harmonic
in the modulated output in overmodulation or nonlinear mod-
ulation range. The average value of V̂ 3

a in the linear region is
0.000623Vdc as shown in Fig. 11. In the nonlinear region, the
third harmonic V̂ 3

a can be expressed using numerical quadratic
fitting (19a) or more accurately using the sine fitting in (19b),
where the angle is in radians

V̂ 3
a = −0.08476

(
V ∗2
a

Vdc

)
+ 0.397V ∗

a − 0.3175Vdc (19a)

V̂a3 =Vdc ×
(
0.0704 sin

(
2.696

V ∗
a

Vdc
+ 4.926

)

+ 0.000814 sin

(
17.68

V ∗
a

Vdc
− 4.692

))
. (19b)

Fig. 11. Curve fitting of the third harmonic component.

TABLE VI
SYSTEM PARAMETERS

Numerical statistics regarding the accuracy of the fitted
curves are also depicted in Table VI. Numerical expressions for
other harmonics can be extracted similarly. These expressions
are not listed here; however, their effect in the THD computa-
tion is considered in the next section.

D. THD

THD is defined as the ratio of all harmonics present in the
modulated output voltage to the fundamental component of the
modulated output as

THD =

√√√√ 160∑
i=2

(
V̂ i
a

V̂ 1
a

)2

· 100%. (20a)

Referring to Figs. 12 and 13, the magnitudes of the harmonic
components are decreasing with the increasing harmonic order.
Additionally, since the quality of the ac voltage signal is usually
improved using the low-pass filter, the carrier signal harmonics
are neglected in the calculation of the THD to simplify the
analysis. Mainly, low-order harmonics are used to compute
the THD of the modulated output. From (15) and (16), the
magnitude of the ith order of the voltage signal, Vi = 0.5Vdc ·
Hi(Vdc, Va, t), can be used in (20a) to rewrite the THD as

THD =

√√√√ 160∑
i=2

(
Ĥi

Ĥ1

)2

· 100% (20b)
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Fig. 12. THD in the linear and the nonlinear modulation ranges with expo-
nential curve fittings.

Fig. 13. Test bed for validating the proposed analytical analysis.

where Ĥi is the ith-order harmonic of the sgn function in (15).
This means that the THD computation depends mainly on the
modulation index regardless of the input dc voltage.

Fig. 12 shows that THD is exponentially decreasing with
increasing the modulation index until V ∗

a is close to Vdc; then, it
will start exponentially increasing with increasing m. The THD
therefore can be expressed exponentially in terms of m as

THD =

{
25.7 · e−8.73·m + 4.367 · e−0.6165m, m ≤ 1
30.08 · e0.048185·m − 186.5 · e−1.8305m, m > 1.

(21)

Numerical statistics regarding the accuracy of the fitted
curves are depicted in Table VI and Fig. 12.

V. EXPERIMENTAL RESULTS

The experimental arrangement shown in Fig. 13 is used to
validate the proposed analytical model. The 2-D–3-D hybrid
SVM control is achieved via the F28335 eZdsp programmable
IC. To verify the analytical representation of the control algo-
rithm and the inverter output, the 2-D–3-D SVM algorithm is
replaced by the analytical expressions in Section III. This test
bed has a variable dc voltage source (input) and a balanced
resistive load of 50 Ω per phase. There is no ac filter, and the
load is directly connected to the output of the VSI. A discrete
Simulink model is used to generate the algorithm of the hybrid
2-D–3-D SVM. The F28335 eZdsp programmable kit is used
to transfer the Simulink code to the DSP. The BP7B Driver
is used to drive the power switches inside the PM100CL1A06
three-phase insulated-gate bipolar transistor (IGBT) module by
boosting the output from the eZdsp kit to 20 V, which is needed

TABLE VII
COMPARISON BETWEEN THE EXPERIMENTAL AND THE

ANALYTICAL FUNDAMENTAL VOLTAGE MAGNITUDE

by the IGBTs. The experimental validations are presented in the
following two sections. The linear load is studied in Section V-A,
while the nonlinear load is studied in Section V-B. The experi-
mental parameters for the two cases are listed in Table VI.

A. Linear Load

In this section, three case studies are conducted to validate
the presented analytical results. The first case is to check if
the THD is fixed for the same modulation index and variable
input dc voltage. Then, the second case is to test the relation
between the modulation index and the magnitude of the output
phase voltage. Finally, the THD expressions in the linear and
nonlinear modulation regions are tested for deferent modulation
indices. All of the case studies show how the analytical analysis
of the hybrid 2-D–3-D SVM is close to the experimental results.

Case 1: In this case study, the modulation index is constant
at 0.95, and the input dc voltage varies from 10 to 140 V. The
THD of the output phase voltage is kept constant at 3.7%. This
observation is consistence with the expected results from (20).

Case 2: This case is conducted to check the relation between
the modulation index and V̂ 1

a , which is shown in (17) and (18)
and Fig. 7. For a 70-V input dc voltage, this relation is justified
in Table VII, in which comparisons show the ability of the
analytical model to predict the measured value of the modulated
output fundamental component within an absolute error margin
of 1.3%. As switches are assumed to be ideal in the proposed
analytical study, which means the small voltage drop is ignored,
the magnitudes from the experimental results are less than that
from analytical results. The analytical results in Table VII can
be obtained from (17) and (18c) for the linear modulation and
the overmodulation regions, respectively.

Case 3: This case tests the THD at different modulation
indices and 70-V input dc voltage. For the used IGBT inverter
(PM100CL1A060), the minimum dead time suggested by the
manufacturer is 2 μs in order to avoid the simultaneous conduc-
tion of switches on the same leg. This nonideal characteristic
will add more distortion to the output voltage. Different IGBTs
have different dead times and different distortion levels. The
dead time will reduce the duty cycle by adding more delay
to the switch on signal, which introduces more distortions.
Again, as the ideal performance is assumed in the analytical
harmonic analysis to keep it general for any used inverter, it is
expected to get more distortion in the experimental results. A
comparison between the analytical and the experimental output
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TABLE VIII
COMPARISON BETWEEN THE EXPERIMENTAL

AND THE ANALYTICAL THD

Fig. 14. Experimental results at four different modulation indices: (a) m =
0.6, (b) m = 0.8, (c) m = 1, and (d) m = 1.2.

Fig. 15. Diagram of the nonlinear load test bed.

phase voltage THD for different modulation indices is shown in
Table VIII. The analytical results in Table VIII can be obtained
from (21).

Fig. 14 shows eight measurement points at four different
modulation indices. The THD results are previously presented
in Table VIII, while the rms values of the output voltage and
its fundamental components shown in Fig. 14 are presented
in Table VII in peak values to maintain the consistency of the
analytical description.

B. Nonlinear Load

In this section, as shown in Fig. 15, a nonlinear load, which
consists of a three-phase uncontrolled rectifier (P/N: 36MT80)
and a variable resistor, is considered to study the effect of

Fig. 16. The line-to-line voltages and THD for different modulation indices.

Fig. 17. Line-to-line voltages and THD for different nonlinear loads.

changing the dc load on the voltage waveforms at the ac
side. At the dc side, a 50-μF capacitor is added to reduce
the voltage ripple, and a three-phase 50-Ω resistance branch is
added between the PWM VSI and the uncontrolled rectifier for
current limiting and protection purposes.

Case 4: Fig. 16 shows the rms values of the line–line ac volt-
ages and their corresponding THD indices for different modu-
lation index values. In this case, the dc load is kept constant at
20 Ω, and the input dc voltage is kept constant as well at 70 V.
These results show that the line–line voltage is very close to the
values obtained from the analytical equation (17). From (17),
the rms values of the line–line voltages are {42.86, 38.57, and
34.29} for m = {1.0, 0.9, and 0.8}, respectively.

Case 5: For a 70-V dc input voltage and a 0.8 modulation in-
dex, Fig. 17 shows the effect of changing the variable resistance
from open circuit to 5 Ω. These results in Fig. 17 show that the
THD has slightly increased to around 4% for the nonlinear load,
compared with that (3.6%) in Table VIII for the linear load.

VI. CONCLUSION

The switching function notation of the modulated ac output
in three-phase inverters employing hybrid 2-D–3-D SVM has
been presented in this paper. The modulated output analyti-
cal expression offers design flexibility and computational ef-
ficiency over repetitive and extensive time-domain simulations.
The harmonic analysis of the modulated output is thoroughly
investigated against modulation linearity, and results are ex-
pressed in terms of power and control parameters. The effect
of the reference phase angle is demonstrated and represented
by locating the target position of the reference vector. The
harmonic performance index THD is computed directly using
the modulation index, which helps in assessing the harmonic
and system performance analytically. The numerical accuracy
and computational efficiency of the proposed algorithm and
harmonic expressions are validated against simulations and
experimental arrangements for linear and nonlinear loads.
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